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I. INTRODUCTION 
Bonding of metal to metal by using adhesives as bonding materials has 
been used extensively in the shipbuilding, aircraft, automotive, construc­
tion and packaging industries and in space applications. The basic types 
of lap joints are the single lap bonded joint and the double lap bonded 
joint. The single lap joint has more practical importance than the 
double lap joint (Fig. 1). 
The stress distribution in the adhesive layer plays an important 
role in the design of lap joints. Engineers always wish to design lap 
joints which are capable of withstanding the highest possible load with 
minimum weight. 
The efficiency of a bonded joint depends very much upon the stress 
distribution in the adhesive layer. The degree of uniformity of stress 
in the adhesive layer plays an important role in determining the strength 
of the lap joint; thus, the knowledge of the stress distribution is es­
sential for efficient design of lap joints. 
The peak shear stress resulting from the application of tensile 
loads to the joint have been found to be located close to the boundary 
of the adhesive. These peak shear stresses can be reduced if appropriate 
overlap length of the joint, appropriate thickness of the joint and 
appropriate ratios of Young's moduli of adherends to adhesive have been 
selected in the design of lap joint, thereby resulting in the increase 
of shear stress in the middle portion along the joint. This idea leads 
eventually to the optimization concept. 
2 
2P 
1 
(A) Simple or unsupported lap joint. 
(B) Double or supported lap joint. 
n 
(C) Double or supported lap joint. 
(D) Butt joint. 
(E) Scarf joint (or smooth tapered joint) 
2P 
1 
(F) Bonded stepped joint. 
Figure 1. Different types of bonded joints 
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The object of this investigation was the optimization of the bonded 
joint. Optimization covers overlap length of the joint, thickness of 
the joint and ratios of Young's moduli of the adnerends to that of the 
adhesive. 
The finite element technique has been applied to the optimization 
of lap joints and it has been found to be a very powerful tool. The 
available computer program which was written by Desai and Abel (10) and 
was later modified by T. R. Rogge to include linearly varying strain 
element was used throughout the analysis. Desai and Abel's program is 
based on a linear displacement function within an element, which yields 
a constant strain and therefore a constant stress over each triangular 
element (CST). Quadrilateral elements are composed of four triangular 
elements (4 CST). Constant strain elements and quadrilateral elements 
were used in the idealization of the lap joints into finite elements. 
Linear-elastic behavior of both adherend and adhesive and plane stress 
conditions have, been assumed throughout the analyses. 
The photoelasticity method was selected for the experimental in­
vestigations of the lap joints. The purpose of the experimental work was 
to verify the accuracy of the finite element results and to provide 
additional insight into this complicated stress analysis problem. To 
the author's knowledge, a combined study using both finite element and 
photoelasticity methods has not been applied to this type of problem. 
Four possible types of model for photoelastic studies were shown in 
Fig. 2. 
I 
ictiti ous adhesive layer 
9 -» P 
(A) Integrally machined model. 
Adhesive 
• 
n p 
(B) Adherend bonded with adhesive. 
P 
P <-
I c Fi titious adhesive layer 
2P 
(C) Integrally machined model 
P £ Adhesive 
P 
2P 
(D) Adherend bonded with adhesive. 
Figure 2. Four possible types of model for photoelasticity 
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II. HISTORICAL BACKGROUND OF BONDED JOINTS 
Adhesive bondings of metal to metal have played a significant role 
in production of machine components only during the past 23 years. The 
Royal Netherland's Aircraft Factory (Fokker) and Clba (A.R.L.) of 
England did pioneering research in the field of adhesive bonded aircraft 
structures. Their pioneering research was followed by extensive work in 
France, the United States, and Germany. During the American space 
program, research in the field of adheslves and bonded structures received 
its greatest attention (4, 7, 9, 14, 33, 35, 37). 
The first theoretical analysis of a lap joint was performed by 
Volkersen (46) in 1938. Vokersen ignored the tearing stresses resulting 
from the bending of the adherends and confined his attention to the 
determination of the shear stress distribution in the adhesive layer. 
In 1944, Goland and Reissner (19) extended the theoretical analysis of 
lap joints by taking into consideration the tearing stresses developed 
in the adhesive as a result of the eccentricity of the loading of the 
lap joint. Goland and Reissner's theoretical analysis is believed to be 
the first reliable treatment of a lap joint. 
Following the theoretical analysis of Goland and Reissner (19), 
Cornell (6) developed the spring-beam analogy solution by assuming that 
the two adherends of lap joint act like simple beams and the more 
elastic adhesive layer is an infinite number of shear and tension 
springs. Lubkin and Reissner (30) later performed theoretical analyses 
of adhesive lap joints between circular tubes and their design data was 
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published in 1956. 
In Israel, Lerchenthal (29) studied lap joints theoretically and 
photoelastically. The study of Lerchenthal was mainly concentrated on 
the optimum stress transfer of the adhesive layers of double lap joints. 
His studies, published in 1964 however, are not applicable to practical 
lap joint problems. 
In Japan, Tuzi and Shimada (44, 45) investigated the stress in 
single lap joints photoelastically. Their investigation concentrated 
mainly on the stress distribution in the adhesive layer and was published 
in 1964. 
In Canada, Niranjan (34-36) carried out photoelastic studies of 
double lap joints. His studies, published in 1969, concentrated on the 
optimization of stresses in the adhesive layers. 
The first finite element analysis of single bonded lap joints 
was performed by Wooley and Carver (47). Their studies concentrated 
mainly on maximum stress concentration factors for various ratios of 
Young's moduli of adherends to adhesives. Their research was published 
in 1971. 
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III. REVIEW OF LITERATURE 
A. Previous Research on Bonded Joints 
1. McLaren and Maclnnes (32) 
McLaren and Maclnnes conducted photoelasticity experiments on single 
lap joints. The object of their investigation was to verify the mathe­
matical analysis of Goland and Reissner (19). Two series of tests were 
performed. In the first, the lap joints were cast from Araldite (100 
part F, 20 parts 33/980, 11.5 parts hardener 951), both adherends and 
adhesive were represented by one material. In the second, it was in­
tended to simulate Redux-bonded aluminum, where the modulus of elasticity 
of the adhesive was approximately l/20th that of the aluminum. Their 
experimental results agreed with theoretical results of Goland and 
Reissner (19). 
2. Tuzi and Shimada (44, 45) 
Tuzi and Shimada conducted a photoelastic investigation of a single 
lap joint. Their investigation concentrated mainly on stress concentra­
tions in the joint. Single lap joint models having different adhesive 
shapes; rectangular type, with a fillet and with convex and concave semi­
circular ends were used in the photoelastic investigation. 
The adhesive layer of the joint was represented by epoxy rubber 
and the adherends were represented by epoxy resin and duralumin. Their 
experimental results indicated that the joint with concave semi-circular 
ends was the best, the one with rectangular ends was the second best and 
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the one with convex semi-circular ends was the worst as regards the 
stress concentration in the joint. They also studied the stress distri­
bution in scarf and butt joints photoelastically. Their photoelastlc 
models were made of epoxy resin and epoxy rubber and also epoxy resin and 
metal. Tension and bending test were conducted on bars bonded at various 
angles. Their experimental results indicated; that the stress concentra­
tions were low on scarf and butt bonded models but the stresses on the 
bonded boundary were not uniform under tension and bending. For the 
joints with a soft adhesive layer bonded to hard adherends, the stress 
concentrations were maximum on the end of the bonded bondary with an 
obtuse angle. For the joints with a hard adhesive layer bonded to soft 
adherends, the stress concentrations were found at the end of the bonded 
boundary with an acute angle. 
3. Lerchenthal (29) 
Lerchenthal conducted theoretical and experimental investigations 
of the double lap joint. His purpose was to obtain the appropriate edge 
shape of the adherends which would give a uniform shear stress distribu­
tion in the joint. He derived analytical expressions for the stresses 
and verified them with experimental photoelastic results. Assumptions 
were made in the development of the analytical expressions; the ad­
herends are Hookeian mlids, the adhesive layer is infinitely thin and 
does not contribute to the state of deformation, the shear stress distribu­
tion along the glue line in a joint is governed essentially by the de­
formation which occurs in the adherends in the direction parallel to the 
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glue line. His Investigations indicated a reduction of stress concen­
tration in a double lap joint. The results, however, were not ap­
plicable to actual practice. 
4. Niranian (34-36) 
Niranjan conducted additional experimental studies on double lap 
joints. He applied photoelasticity techniques to his experiments and his 
research work was published in 1969. His main interest was the reduction 
of stress concentration factors in double lap joints. His double lap 
joint models were machined from PSM-1, a polyester sheet supplied by 
Photolastic Inc. Models having various beveling angles in the adherends 
were machined from the PSM-1 sheets. His experimental results indicated 
that by changing the beveling angle (O''£0_<9O°) of the adherends the 
peak (maximum) shear stress in the adhesive layer could be reduced by 
50 per cent for 0 = 38°. Thus, the stress concentration factor for such 
a beveled joint is only half its unbeveled value. Beveling of adherends 
produced a change in location of the maximum shear stress; the maximum 
shear stress moved toward the mid-depth of the joint and the peak 
boundary stresses in the adherends were reduced. His results also 
indicated that varying the thickness ratio (1 £ t^/tg £ 2) of adherends 
did not affect appreciably the maximum boundary stresses. Increasing the 
overlap length (1 < A^/t^ < 4.5) reduced the maximum shear stress by a 
— U 1 — 
very small amount, caused a large decrease in the average shear stress 
value, but did not affect the maximum boundary stress except for a very 
small overlap, where a small reduction was observed. Niranjan's paper. 
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published In 1970, also contains a literature survey on bonded joints. 
In 1971 he also published a paper on the optimum design of bonded joint 
which contains methods for designing lap joints for static and fatigue 
load applications. 
5. Wooley and Carver (47) 
Wooley and Carver conducted finite element analysis of single lap 
joints. They used Wilson's stress analysis program for their finite 
element analysis. Constant strain triangular elements and quadrilateral 
elements were used in the Idealization of single lap joint. The single 
lap joint model was represented by 394 finite elements and 497 nodal 
points. The purpose of their investigation was to obtain stress concen­
tration factors for a single lap joint. The stress concentration factors 
in the adhesive layer resulting from maximum shear stress and tearing 
(peeling) stress were plotted in dimensionless form against the dimensionless 
ratio of overlap length to thickness of adherend and ratio of thickness of 
joint to thickness of adherend for various ratios of E/E^ namely; 0.1, 
1, 10, 50, 100, 500 and 100. The ratios of overlap length of the 
joint to the thickness of adherend were 5, 10 and 20. The ratio of n/t 
ranged from 0.02 to 0.10. Poisson's ratio was considered to be the 
same for each material, with v = 0.3. 
6. Erdogan and Ratwani (16) 
Erdogan and Ratwani performed theoretical analysis of stepped joints. 
A generalized plane stress condition was assumed in the formulation of the 
problem. Their solutions have not been verified by experimental results. 
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They also performed the theoretical anslysis on a scarf joint but their 
solutions have not been verified by the experimental results. 
7. Adams et al. (3) 
Adams et al. conducted experimental work on single lap and double 
lap joints. The experimental models were made of rubber in which hard 
rubber was used as adherends and relatively soft foam rubber was used 
as the adhesive. Their experimental results of the shear stress 
distribution in the adhesive layer correlated well with the theoretical 
values. 
8. Adams and Peppiatt (1. 2) 
Adams and Peppiatt obtained an analytical solution for stresses in 
a single lap joint by setting up the second-order partial differential 
equations. Normal stresses across and along the adherends were obtained 
from the solutions of the partial differential equations by using both 
approximate analytical and finite difference methods. The analytical 
and the finite difference methods yielded similar results, the maximum 
discrepancy was about 20 per cent. The measured shear strains obtained 
from the rubber model agreed well with the theoretical solutions. 
Adams and Peppiatt also performed the finite element analysis of 
single and double lap joints. They treated the adhesive spew as a 
triangular fillet. Linear-elastic behavior and a plane strain condition 
were assumed throughout. Constant strain triangular elements were used 
in the finite element idealization of a lap joint. The finite element 
12 
results indicated that the highest stress concentration occurs in the 
fillet. Reasonable agreement vas obtained between the finite element and 
the classical solutions. 
9. Hart-Smith (21. 22) 
Hart-Smith conducted theoretical analyses of single and double lap 
joints. The classical elastic analysis of a double lap joint originally 
performed by Volkersen (46) which accounted for only the adherend stiff­
ness imbalance was extended to include the adhesive plasticity and the 
adherend thermal mismatch. Both elastic-plastic and bi-elastic ad­
hesive representations leads to the result that the maximum bond shear 
strength depends on the strain energy in shear per unit area of bond. 
Hart-Smith also conducted a theoretical analysis of a single lap 
joint. The classical theory of Goland and Reissner (19) was extended and 
improved by taking various factors into account such as adhesive 
plasticity, stiffness imbalance between adherends, and the influence of 
laminated filamentary composite adherends. Three different types of 
failure modes were predicted by Hart-Smith. The first mode was due to 
failure of the adherend just outside the joint; this type of failure was 
considered to be the most severe of the three. The second mode was the 
failure of the adhesive in shear. Hart-Smith indicated that the second 
failure mode was extremely rare if the adhesive plasticity was included 
in the theoretical analysis. The third failure mode was associated with 
the adhesive peel stress. 
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10. Grimes et al. (20) 
Grimes et al. performed nonlinear analyses of the bonded single lap, 
double lap, and step joints. They also developed a theoretical analysis 
of scarf joints by setting up the differential equations. Nonlinear 
finite element techniques were formulated and the computer results obtained 
were in good agreement with those of the theoretical analysis. Experi­
mental work was conducted to verify the nonlinear finite element results. 
They conducted the test on 203 specimens manufactured from composite and 
titanium adherend materials. The experimental results correlated well 
with the theoretical results. Cohesive fracture of the bondline or 
composite surface resin and adherend net section failure were success­
fully predicted by the nonlinear equations. By using appropriate failure 
criteria for the adherend and the adhesive in the nonlinear joint 
formulae, the analytical solution could be used to predict the joint mean 
strength, failure type, and as a basis for the average strength curves. 
11. Renton (41) 
Renton conducted photoelastic and analytical investigations of 
symmetric single lap joints. His photoelastic models were made from 
PSM-1 photoelastic material manufactured by Photolastic Inc. He obtained 
an excellent correlation between analytical and photoelastic results. 
An additional verification of the analytical solution was carried out by 
mounting strain gauges on the outer adherend surfaces of 7G75-T6 aluminum 
and 1002-S fiberglass specimens. The adhesive was EA951. His 
14 
experimental purpose was to achieve the true shear response of a thin 
layer of adhesive In a bonded joint. ~ 
15 
IV. OPTIMIZATION TECHNIQUES 
A. Finite Element Method 
The finite element method is an analysis procedure through vAiich 
engineering structures can be analyzed by representing them as an 
assemblage of structural elements Interconnected only at a discrete 
number of nodal points (48). An engineering structure of arbitrary 
geometry can be represented by finite elements of various types, sizes, 
and shapes (5). A composite structure composed of two or more materials 
can be accurately analyzed by applying the finite element method provided 
that the appropriate values of the material properties associated with 
that structure are specified (43). 
The accuracy of the method depends on how close the behavior of the 
actual structure is represented by the approximate structure. The forces 
acting on the structure are represented by statically equivalent concen­
trated forces acting at the nodal points. From the force-displacement 
relationships at the nodal points, the element stiffness matrix for the 
individual elements can be derived. The displacement functions, usually 
in polynomial form, define the state of strain within an element in 
terms of its nodal displacements and also the state of stress in the 
element and on its boundaries. 
Interelement compatibility can not always be satisfied which im­
plies that discontinuities along the element boundaries can always 
arise. Since the chosen displacement functions do not always satisfy 
displacement continuity and since the forces acting on an element are 
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represented by the concentrated forces acting only at the element nodes, 
equilibrium conditions are satisfied only in the overall sense and local 
violation of equilibrium conditions within each element and on its 
boundaries can arise. The finite element method is therefore considered 
to be an approximate method (5, 18, 48). 
Fig. 3 shows the typical finite elements used in modified Desai 
and Abel program. The elements which are available in the original 
program (10) are the constant-strain triangular element (CST element) 
and the quadrilateral element. The quadrilateral element is composed of 
four constant-strain triangular elements (4 CST element). The program 
was modified as mentioned before in I, to Include linear-strain 
rectangular element. 
The appropriate displacement functions for constant-strain tri­
angular element are linear displacement functions (31) : 
u(x,y) = aQ + a^x + 
v(x,y) = bg + b^x + b^y 
The appropriate displacement functions for linear-strain rectangular 
element are quadratic displacement functions (5)' 
u(x,y) = ag + a^x + a^y + a^xy 
v(x,y) = bg + b^x + b^y + b^xy 
The accuracy of the finite element method depends essentially on the 
sizes and types of the elements used in the idealization of the actual 
17 
y.v 
x.u 
(a) Plane constant-strain triangle 
y.v 
(b) Linear-strain rectangle 
y.v 
x,u 
x,u 
(c) Quadrilateral element (4 CST) 
Figure 3. Elements available in modified Desai and Abel program 
18 
structure into finite elements. It will also depend on the nature of 
the problem being analyzed. The experience and skill in applying the 
method play an important role regarding the accuracy of the results. 
B. Optimization Procedures and Results 
The problem of efficient design of lap joints has been a source of 
doubt for years. The knowledge of stress distribution is essential in 
the efficient design of lap joints. The nonuniformity of the shear stress 
distribution in the adhesive layer prevents the lap joint from acting 
efficiently. The peak stresses have been found to be located close 
to both ends of the joint. These peak stresses can be reduced if ap­
propriate overlap length of the joint, appropriate thickness of the joint 
and appropriate ratios of Young's moduli of adherends to adhesive have 
been used in the design of lap joint. This idea leads eventually to the 
optimization concept. 
To gain an insight into this complicated stress analysis problem, 
various factors mentioned above were used in the theoretical analyses of 
lap joints. Theoretical analyses were accomplished by applying the 
finite element method. The available finite element program written by 
Desai and Abel (10) was used throughout the process. Linear-elastic 
behavior of both the adherend and the adhesive materials and plane stress 
conditions were assumed throughout the analyses. Only the constant strain 
and quadrilateral elements were used in the finite element idealization 
of the lap joint models. Proper care was taken in numbering the nodes 
in order to keep the bandwidth minimum. The finite element mesh of all 
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the lap joint models were first plotted by SIMPLOTTER (42) in order to 
ensure the correct input of the coordinates data and the element nodal 
points prior to proceeding to the finite element analyses. After 
making some adjustments in the data and confirming that the conputer 
plot of the finite element mesh was correct, the data was then used 
in the finite element solutions. 
1. Single lap joint 
The finite element idealization of a single lap joint model is 
shown in Fig. 4. A single lap joint model was represented by 302 
elements and 341 nodes. The moduli of elasticity and the Poisson's ratios 
used in the finite element analyses are shown in Table 1. 
Table 1. Material properties used in the finite element analyses 
Ratio of 
E/E, 
a 
E 
(psi) 
E 
(psi) V V a 
1 420,000 420,000 0.36 0.36 
7 420,000 60,000 0.36 0.36 
14 420,000* 30,000^ 0.36* 0.42^ 
28 420,000 15,000 0.36 0.45 
^Young's modulus of elasticity and Poisson's ratio of PL-1 given 
by Photolastic Inc. (39). 
^Young's modulus of elasticity and Poisson's ratio of PL-2 given 
by Photolastic Inc. (39). 
/ \/ \ 
/ \/ \ 
\ /\ / 
\ A / 
Figure 4. Finite element mesh of a single lap Joint 
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a. Optimum overlap length of the joint Various overlap lengths 
of the joint were used in the finite element analyses for the purpose of 
comparing the peak shear stresses, the maximum tensile principal 
stresses, and stress distributions along the centerllne of the joint. 
Both the thicknesses of the adherends and that of the joint were kept 
constant in the optimization process of the overlap length of a joint. 
The peak shear stress (max , tensile principal stress 
[a^(max)] obtained from the finite element analysis for each overlap 
length of the joint were plotted against the corresponding overlap length. 
The dimensionless ratios of T (max) to T (min), a,(max) to T and 
xy ' xy 1 ave 
max T to T were also plotted against the corresponding overlap 
max ave 
length as shown in Fig. 5. All stresses mentioned above were taken 
along the centerllne of the joint. It is obvious (see Fig. 5) that 
the peak shear stresses which are found to be located close to both 
ends of the overlap could be reduced by lengthening the overlap of the 
joint. Lengthening the overlap length of the joint does not only 
result in the decrease of the peak shear stresses and the a^(max) 
but also increases the shear stresses in the middle portion of the joint. 
However, lengthening the overlap beyond a certain length causes an 
increase in o^(max) together with a slight decrease in max. as 
shown in Fig. 5. The maximum shear stress distributions for various 
overlap lengths were plotted as shown in Fig. 6. The maximum per­
formance of the joint in resisting the applied load can be attained by 
choosing the appropriate length of overlap. 
The optimum length of the joint was approximately chosen by 
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considering various factors namely; ratios of stresses, and 
(max). From Fig. 5, the optimum length of the joint was chosen to 
be equal to 1.125 t, this was based on the fact that this overlap length 
yields approximately the minimum values of both the maximum shear 
stress and the tensile principal stress [(y^(max)]. The ratio of shear 
stresses [T (max)/T (min)] at the optimum overlap length is 2.675. 
xy xy 
b. Various thicknesses of the joint After the optimum overlap 
length was chosen to be 1.125 t, this optimum length together with the 
adherend thickness were kept constant in the variation of the thickness 
of the joint (ri). Lap joint models having various thicknesses were 
solved by applying finite element method. The same configuration of the 
finite element mesh was used for all the single lap joint models. 
Variation in the thickness of the joint was achieved by changing the 
controlled Fortran statements specifying the movements of the coordinates 
required. 
The tensile principal stress, maximum shear stress and the ratio of 
shear stress (t ) were plotted against the corresponding n/t ratio as 
xy 
shown in Fig. 7. It is u'uviùus from Fig. 7 that it is not appropriate 
to have ratio of n/t to be less than 0.0413. If the ratio of n/t is 
greater than 0.0827, the magnitude of maximum shear stress, tensile 
principal stress and the ratio of shear stress tend to decrease. In 
practice the adhesive layer is very thin comparing to the thickness of 
the adherend. The curve shows a slight decrease in upon in­
creasing the ratio of n/t beyond 0.0827. For the purpose of further 
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I = 1.125 t 
o 
T (max) 
Ratio of 
(max) 
max 
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Ratio of n/t 
0.207 0.248 
Figure 7. Ratios of stresses vs. n/t and stresses vs. n/t 
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study the thickness of the joint was chosen to be 0.0827 t since this 
thickness yields substantially low values of T and T max/x min. 
max xy xy 
The shear stresses (t ) and the maximum shear stresses (t ) 
xy max 
for various ratios of the joint thickness to the adherend thickness 
were plotted as shown in Figs. 8 and 9 respectively. 
c. Optimum ratio of the moduli of elasticity Optimum ratio of 
modulus of elasticity can be defined as the magnitude of the ratio of 
the moduli of elasticity of the adherend material to that of the ad­
hesive material which portrays the maximum performance of the adhesive 
material in the lap joint. Having chosen the optimum overlap length 
and the adhesive layer thickness for a lap joint, the next step was to 
obtain the optimum ratio of modulus of elasticity for it. This step in­
volved the variations of the ratio of the modulus of elasticity of the 
adherend to that of the adhesive layer. Various ratios of moduli of 
elasticity namely; 7, 14, 28 were used in the finite element analyses. 
The shear stresses (t ) and the maximum shear stresses (t ) obtained 
xy max 
from the finite element analyses for the overlap lengths of 1.5 t and 
1.125 t were plotted as shown in Figures 10, 11, 12, and 13 respective­
ly. The normal stresses (a ) for various E/E ratios were plotted as 
shown in Fig. 14. 
Very small difference in the magnitude of shear stress was ob­
served when the ratios of moduli of elasticity (E/E ) are equal to 14 and 
a 
28. It is noticeable that at these E/E ratios the shear stress distribu-
a 
tions in the adhesive layer are close to uniform. It is therefore 
E/E l,n = 0.124 in 
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obvious to conclude at this stage that if the magnitude of the mentioned 
ratio (E/E^) is greater than 28 the shear stress distribution will not 
change significantly, in practice, any modulus ratio E/E^ greater than 
7 produces a relatively uniform stress distribution. 
d. Stresses close to the interface The interfacial stresses 
between the adherends and the adhesive layer play an important part 
regarding the load transferring capability of a lap joint. The finite 
element results indicated that the stress concentrations are observed 
to be located in the elements situated close to the interface between the 
adherends and the adhesive layer. The shear stresses (t ) for various 
•' xy 
overlap lengths were plotted as shown in Fig. 15. The shear stresses 
(T  ) and the maximum shear stress (T ) for the overlap lengths of 
xy max " 
1.125 t and 1.5 t were plotted as shown in Figures 16, 17, 18, and 19 
respectively. The normal stresses (a^) were tabulated in Tables 2 and 
3. 
e. Refined finite element mesh From the previous idealization 
of a single lap joint into finite elements some difficulties were 
encountered in obtaining the magnitudes of stresses close to the ends 
of the joint. The refinement of the finite element mesh was therefore 
needed in order to counteract those mentioned difficulties. A single 
lap joint model was then represented by 504 elements and 516 nodes. 
The finite element representation is shown in Fig. 20. The maximum 
shear stresses along the centerline and close to the interface were 
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Table 2. Normal stresses at 0.0155 Inch from the Interface, in psi, 
E/Eg = 1, thickness of the joint = 0.124 inch 
Distance in Overlap length in terms of t 
terms of 0.5 t 0.75 t t 1.125 t 1.5 t 
-0.456 -5.99 13.42 23.63 27.83 37.08 
-0.373 11.59 15.22 15.20 15.08 13.93 
-0.29 -3.01 -4.22 -6.04 -.688 -9.19 
-0.207 -14.70 -12.30 -11.92 -12.04 -12.64 
-0.124 -20.94 -16.15 -14.86 -14.79 -15.02 
-0.041 -22.84 -17.38 -16.28 -16.30 -16.62 
0.041 -23.99 -18.24 -17.01 -16.93 -16.97 
-0.124 -23.37 -17.69 -16.34 -16.28 -16.32 
-0.207 -21.97 -16.91 -15.35 -15.15 -14.90 
-0.29 -13.58 -12.72 -12.08 -12.00 -12.21 
-0.373 .22 -6.81 -7.89 -7.81 -6.91 
-0.456 138.6 93.92 78.60 75.18 70.43 
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Table 3. Normal stresses at 0.0155 Inch from the interface for various 
E/E- ratios, in psi, H = 1.125 t, thickness of joint = 0.124 
inch ° 
Distance in E/Ea ratio 
terms of 
''o 
1 7 14 28 
-0.456 27.83 11.91 3.93 -2.75 
-0.373 15.08 12.03 9.56 6.95 
-0.290 —6.88 -2.21 -0.92 -0.35 
-0.207 -12.04 -7.94 -5.49 -3.40 
-0.124 -14.79 -11.15 -8.25 -5.39 
-0.041 -16.30 -12.68 -9.61 -6.41 
0.041 -16.93 -12.96 -9.73 -6.40 
0.124 -16.28 -11.93 -8.71 -5.61 
0.207 -15.15 -9.60 -6.53 -3.99 
0.29 
-12.00 -4.00 -1.79 — .63 
0.373 
-7.81 3.01 2.89 1.62 
0.456 75.18 45.34 34.48 26.21 
plotted as shown in Fig. 21 and Fig. 22 respectively. It is obvious 
from Fig. 21 that the maximum shear stress decreases upon approaching 
both ends of the joint. The result of this refinement of the mesh 
served as the basis for approximating stresses close to both ends of the 
joint. 
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2. Double lap joint 
The finite element idealization of a double lap joint model is 
shown in Fig. 23. By making use of symmetry only one-half of a double 
lap joint model was needed in the finite element analysis and it 
was represented by 336 elements and 343 nodes. The moduli of elasticity 
of both the adherends and the adhesive layer and the Poisson's ratio 
were assumed to be 420,000 psi and 0.36 in the finite element analysis 
respectively. The uniformly distributed loads applying to the adherends 
of the double lap joint were converted to the concentrated loads ap­
plying at the nodes. The thickness of the joint was held constant and 
was equal to 0.0833 t throughout the analysis. 
a. Optimi™ overlap length of the joint Double lap joint models 
having various overlap lengths of t, 2t and 3t were analyzed by the 
finite element method. The same configuration of the finite element mesh 
was used for all the double lap joint models. Variation in the overlap 
length of the double lap joint was achieved by writing the appropriate 
Fortran statements specifying the movements of the nodal coordinates which 
were needed. The stresses and the ratios of stresses obtained from the 
finite element solutions were plotted against their corresponding over­
lap lengths as shown in Fig. 24. The optimum length of a double lap 
joint can be approximately chosen by taking various factors into con­
sideration namely; ratios of stresses, maximum shear stress * 
and maximum tensile principal stress [o^(max)]. The percentages of the 
overlap length of the joint in which T was less than the average shear 
xy 
SSSAAAAASZSSSS 
Figure 23. Finite element mesh of a double lap joint 
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stress (Tgyg) were plotted against their corresponding overlap lengths 
as shown in Fig. 25. By considering various factors as mentioned above 
the optimum overlap length of a double lap joint was chosen to be equal 
to 2 t (t = thickness of the adherend). This chosen optimum length 
yields considerably low value of the maximum shear stress and nearly 
minimum ratio of t (maximum) to average shear stress (t ); t 
xy ave xy 
is approximately equal to 1.5 of the average shear stress. The 
shear stresses (t ) and the maximum shear stresses (t ) along the 
xy max 
centerline of the joint were plotted as shown in Fig. 26 and Fig. 27 
respectively. The shear stresses (T^^,) and the maximum shear stresses 
(T^ax^ close to the interface were plotted as shown in Fig. 28 and Fig. 
29 respectively. 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 
1 1 1 1 1 
By finite element analysis 
E/Eg = 1, n = thickness of the joint = 0.125 in. 
t = 1.5 in. 
± JL ± JL 
0.5 t t 1.5 t 2 t 2.5 t 
Overlap length (in terms of t) 
3 t 3.5 
p length vs. % of overlap length which x is less than X 
xy ave 
50 
110 
100 J 
80 _ 
By finite element analysis jii
= 1, n = thickness of the joint = 0.125 in. 
—0.5 —0.4 —0.3 —0.2 —0.1 0 . 0  0 . 1  0.2 0.3 0.4 
Distance along center of the joint (in terms of 
Figure 26. Shear stress distribution in double lap joint (along 
centerline of the joint) 
51 
By finite element analysis 
E/E ="1, n = thickness of the joint = 0.125 in. 160 -
140 -
120 -
100 -
CO 
a 80 -
(-
X CO OJ 
u 
40 -
o o o o 
CO 
20 -
0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5 
Distance along center of the joint (in terms of 
Figure 27. T distribution in double lap ioint (along centerline 
max ° 
of the joint) 
52 
By finite element analysis 
E/E =1, ri = thickness of the joint = 0.125 in. 160 -
140 " 
120 " 
100 -
80 " 
40 -
= 3t 
4J 
JZ 
M 
0.1 0.2 0.3 0.4 0.5 0.5 —0.4 —0.3 —0.2 —0.1 0.0 
Distance along the joint 
Figure 28. Shear stress distribution in double lap joint (at distance 
equal to 0.0208 in. from the interface) 
53 
By finite element analysis 
E/E = 1, n= thickness of the joint = 0.125 in. 200 
180 
160 
140 
120 
(fl 
a 
c 100 
•H 
X 
m 
E H 
03 
« 
o 
u 
0 O Qi u 
U 
m 01 
X 
MJ 
40 
Q 0 Q O-
20 
0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.5 
Distance nlnn# center of the joint (in terms of 
Figure 29. distribution in double lap joint (at distance equal to 
0.0208 in. from the interface) 
54 
V. EXPERIMENTAL INVESTIGATIONS 
The purpose of this experimental work was to verify the accuracy 
of the finite element results and to provide additional insight into 
this complicated stress analysis problem. The results of this experi­
mental investigations may also serve as a basis for the efficient 
design of lap joints. The photoelasticity method was selected for the 
experimental investigations of the stress distributions in lap joints 
while the brittle coating was applied to obtain whole-field patterns 
of the principal stress trajectories. 
A. Photoelasticity Method 
Photoelasticity is a well known and fully developed method of 
experimental stress analysis. The method yields whole-field maximum 
shear stress distributions which are useful for improving the design of 
component parts. In the case of lap joints, emphasis is usually directed 
toward improving their strength/weight or stiffness/weight character­
istics. The photoelasticity method can be applied to obtain knowledge 
of the stress distributions in complicated structures which can not be 
solved theoretically (11, 27). 
1. Materials for photoelastic models 
The photoelastic models were machined from several kinds of 
material namely; flat sheets of Homolite 100 (commercially available) 
and sheets made by casting a mixture of liquid resins and hardeners 
The liquid resins supplied by Photolastic Inc. (39) were PL-1 and PL-2. 
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Those supplied by High Strength Adheslves Corp. were H.S. 9005 and H.S. 
5120. Some properties of the materials and the casting techniques 
employed are described below. 
a. Homollte 100 Some properties of Homolite 100 are as 
follows (12): 
Modulus of elasticity 350-400,000 psl 
Poisson*s ratio 0.36 
Tensile strength 10,000 psl 
Proportional limit 6,000 psl 
Stress fringe value (shear) 75 psi-in/fringe 
O 
The stress fringe value is for green light (X = 5461 A) 
b. PL-1 and PL-2 The resins type PL-1 and PL-2 were supplied 
by Photolastic Inc. (39). Liquids PLH-1 and PLH-2 serve as hardeners 
for PL-1 and PL-2 respectively. The casting temperatures and finished 
material data as supplied by Photolastic Inc. are tabulated in Table 4. 
The materials in Table 4 were cast in aluminum molds to obtain 
the photoelastic sheets. The casting techniques recommended by 
Photolastic Inc. were carefully followed. 
c. High strength materials The other materials used to cast 
photoelastic sheets were H.S. 9005 resin and H.S. 5120 hardener. The 
proportion used in casting was 40 pph (parts per hundred) of resin-
type H.S, 9005 and 60 pph of hardener type H.S. 5120. The two 
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Table 4. The casting temperatures and finished material data 
Resin type PL-1 PL-2 
Hardener type PLH-1 PLH-2 
Amount of hardener (pph) 18-20 100 
Casting plate temperature (°F) 90-100 110-120 
Mixing temperature (°F) 90-100 130-140 
Pouring temperature (®F) 125-130 140-150 
Time to complete polymerization 24 hr. 24 hr. 
"K" factor 0.10 0.02 
Modulus of elasticity, psl 420,000 30,000 
Maximum elongation 3-5% 50% 
Polsson's ratio 0.36 0.42 
materials mentioned above were mixed and poured into prepared aluminum 
molds at room temperature. The mixture was allowed to stand at room 
temperature until the air bubbles disappeared. The material was later 
cured in an oven at a temperature of 195°F for 12 hours. After the 
curing period, the temperature was slowly decreased to room temperature 
at the rate of S'F per hour. The finished material was then removed 
from the mold. 
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2. Photoelastic models 
One of the basic steps in achieving accurate results in a photo-
elastic analysis is careful preparation of the model. The photoelastlc 
plastic used in the preparation of the two-dimensional photoelastlc 
models should be stress free and of uniform thickness. 
The photoelastlc models used in this investigation contained 
either single lap or double lap joints. The dimensions and other 
characteristics of the models of the single and double lap joints are 
shown in Figures 30, 31 and 32. All of the lap joint models were 
integrally machined except model No. 3 which was a composite model. 
The two adherends and the joint of model No. 3 were machined from PL-1 
and PL-2 respectively. The parts were bonded together with cement resin 
type PC-6 mixed with 100 pph (parts per hundred) of hardener type PCH-
6. Young's modulus of elasticity of the cured cement resin, given by 
Photolastic Inc. (38), is 30,000 psi. This value is the same as 
that of the PL-2 material. The procedures for the preparation of models 
outlined in many photoelasticity textbooks (25, 27) were carefully 
followed. The lap joint models used in this investigation are tabulated 
in Table 5. 
For single lap joint models No. 1 to 4, the tensile loads were 
applied along the centerllne of the joints as in Fig. 30. For models 
No. 3 and 6, the loads were applied as shown in Fig. 31. For double 
lap joint models No. 7 and 8, the tensile loads were applied to the 
three adherends of the models. 
IT 
1 7/8 in. 
'W '4 
in 
vO 
t 
e-
t = 
1.5 in. 
i 
Kiguro 30. Single lap joint model 
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1 7/8 in. 
1 
1.5 in J 
1 7/8 in 
1 
Figure 31. Single lap joint model (the load P is applied as a 
distributed boundary stress by adherends) 
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2 in. -*| I*- 2 in. -*| 
1/4 in. dia 
1.875 in. 
•H 
E,v 
•H 
m 
9/16 in. radius 
/16 in. radius 
— 
1.875 
0- 0-
it- 2 in. 
Figure 32. Double lap joint model (integrally machined) (for models 7 
and 8) 
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Table 5. Lap joint models used in the photoelasticlty investigations 
Model 
No. 
Type of joint Overlap 
length 
E/E^ Material 
1 single lap 1.125 t 1 H.S. 9005 
2 single lap 1.125 t 1 Homolite 100 
3 single lap 1.125 t 14 PL-1, PL-2 
4 single lap 1.5 t 1 Homolite 100 
5 single lap 1.125 t 1 Homolite 100 
6 single lap 1.5 t 1 Homolite 100 
7 double lap 2 t 1 Homolite 100 
8 double lap t 1 Homolite 100 
3. Determination of the stress optic coefficients (f^) 
The accuracy of results obtained by using the photoelasticity 
method depends on a precise determination of the fringe order at the 
points of Interest and on an accurate calibration of the stress optic 
coefficient of the model material. Calibration of the stress optic 
coefficient can be done in several ways, namely; by employing a tensile 
specimen, a beam loaded in pure bending, or a disk loaded in diametrical 
compression. The simplest of all the calibration specimens is the 
simple tensile specimen, however, the circular disk is generally 
conceded to give the most accurate results. The calibration specimen 
should be taken from the same sheet of material af the model. The 
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calibration specimen should undergo the same environmental conditions 
as the model. 
The calibration specimen employed in this investigation was a 
disk loaded in diametral compression. The disks and the corresponding 
photoelastic models were machined from the same sheet of material. With 
a crossed circular polariscope, employing yellow sodium light (X = 
5893 A, 1 Â = 10 ^  cm), the disk was loaded in diametral compression and 
the fringe orders (at the center of the disk) associated with the loads 
were recorded. The Tardy Compensation Method (25, 27, 28) was used 
to obtain precise measure of the fractional fringe order. The stress 
optic coefficient (f^) was expressed in terms of the load and the 
specimen diameter (8) as: 
f^ = SP/ïïDN 
where : 
D = diameter of the disk = 1.767 inch 
N = fringe order at the center of the disk, dimensionless 
P = applied load, in lb 
The calibration curves of the materials used in this investigation 
were plotted as shown in Fig. 33. The results obtained from the 
calibrations are tabulated in Table 6. 
Calibration of the stress optic coefficient can be done directly 
on the photoelastic model if the fringe order and the state of stress at 
one point in the model are accurately known. This type of photoelastic 
model is often called a self-calibration model (11, 12, 27). The 
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"Homolite 100 
High Strength 
250 -
PL-1 
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D=1.767 in. 
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ttd 
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PL-2 
4 2 3 0 1 
Fringe order (N) 
Figure 33. Static calibration of stress optic coefficients 
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Table 6. Sumnary of stress optic coefficients 
Materials Stress Optic Coefficients 
(psi-in/fringe) 
Homolite 100 167.5 
H.S. 9005 111.32 
PL-1 97.84 
PL-2 28.46 
single and double lap joint models experimentally investigated herein 
are of self-calibration types. The middle adherend of the double lap 
joint models were long enough to produce a uniform state of stress, 
therefore it was used as a tensile specimen. The stress optic 
coefficient for the material (Homolite 100) used in the double lap 
joint model was therefore calibrated without performing calibration 
on the calibration specimen. The fringe order in the middle portion 
of the middle adherend was observed to be of the same order throughout 
and it was determined and recorded. Then the stress-optic relation­
ship was applied as follows (8, 17); 
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In which 
h = thickness of model, inch 
N = fringe order, dinenslonless 
f^ = stress optic coefficient, psi-in/fringe 
P = applied load, lb. 
p 
The ratios of — were plotted against their corresponding fringe orders. 
The slope of the line represented the stress optic coefficient (f^j. 
= (f)/ii 
From this the stress optic coefficient of Homolite 100 was found to 
be 144 psi-in/fringe. 
4. Isochromatic and isoclinic patterns 
a. Isochromatic patterns The lap joint model was placed in the 
loading frame of the circular polariscope and the loads were applied 
to the model by using dead weights. When the model was stressed in 
the field of a circular polariscope only the isochromatic pattern was 
observed on the model when view through the analyzer. Dark field iso­
chromatic pattern was obtained when the analyzer axis was crossed with 
the polarizer axis and light field isochromatic pattern was obtained 
when the analyzer axis was paralleled to that of the polarizer. The 
use of circular polariscope eliminated the isoclinic pattern but the iso­
chromatic pattern remained on the model. 
The isochromatic fringe orders along the centerline of the 
joints were measured and recorded by applying Tardy Compensation Method 
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Figure 34. Dark field isochromatic pattern in a double lap joint 
£ = 2t, applied load P = 432 lb. 
Figure 35. Light field isochromatic pattern in a double lap joint, 
2 = 2t, applied load P = 432 lb. 
o 
Figure 36. Isochromatic pattern in a double lap joint. 
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Figure 37. Zero degree isoclinic and isochromatic patterns in a double 
lap joint, = 2t 
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(a) dark field 
(b) light field 
38. Isochromatic patterns in a double lap joint, & 
432 lb. 
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(a) dark field isochromatic patterns 
W 
(b) isoclinics and dark field isochromatics 
Figure 39. Isochromatic and isoclinic patterns, P = applied load 
432 lb. 
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(a) light field 
(b) dark field 
Figure 40. Isochromatic patterns in a single lap joint, 2^ = 1.5 t, 
P = 155.482 lb. 
Figure 41. 
(b) light field 
Isochromatic patterns in a single lap joint, H - 1.125 t, 
P = 155.482 lb. ° 
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(a) dark field 
(b) light field 
Figure 42. Isochromatic patterns in a single lap joint model No. 1, 
I = 1.125 t, P = 155.482 lb. 
o 
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(a) dark field 
(b) light field 
Figure 43. Isochromatic patterns in a single lap joint, & - 1.5 t, 
P = 155.482 lb. 
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(a) dark field 
(b) light field 
Figure 44, Isochromatic patterns in a single lap joint, & = 1.125 t, 
E/Eg = 14, P = 100.275 lb. ° 
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(8, 25, 28). Yellow sodium light (X = 5893 Â) was used as a light 
source. Typical black and white isochromatic patterns of the stressed 
lap joint models are shown in Figs. 34, 35, 38, 39a, 40, 41, 42, 43 and 
44. The colored isochromatic pattern obtained when white light was 
used is shown in Fig. 36. 
b. Isoclinic patterns The isoclinic is a line along which the 
directions of the principal stresses are constant (28). The isoclinic 
patterns were obtained when the stressed model was placed in the field 
of a plane polariscope. Typical zero degree isoclinic patterns, shown 
in Fig. 37 and Fig. 39b, were obtained when white light and yellow sodium 
light were used as the light sources respectively. The isoclinic pat­
tern can be distinguished from the isochromatic pattern by the use of 
the white light. The isoclinics will always appear as black lines, 
however, only the zero order isochromatic fringe will be black when 
white light is used. 
B. Brittle Coating Method 
The brittle coating technique deals principally with the applica­
tion of a coating of a low-strength brittle material to the surface of 
the structural member under test. The coated member is then loaded 
and strains which develop in the structural member are transmitted to 
the coating. Cracks will appear in the coating when its limiting strength 
is reached. The technique has become popular in industrial applica­
tions where high accuracy in stress analysis is not required. Brittle 
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coating techniques can be applied to any mechanical part or structure, 
regardless of material, shape, or type of loading. The method gives 
helpful information regarding the whole-field visualization of stresses 
in a structure (11, 12, 13, 15). 
1. Procedures 
The brittle coating method was used in this investigation to obtain 
the principal stress directions in the single and double lap joint 
models. The single and double lap joint models, similar to those used 
in this photoelasticity investigations, were machined from Homolite 100. 
Tens-Lac type TL-500-70-X supplied by Photolastic Inc. (40) was 
selected as the brittle coating material. The coating material was 
sprayed on the lap joint models and special care was taken during 
spraying to avoid an excess of air bubbles and to have uniform coating 
thickness. The proper thickness of the coating was approximately 
determined by comparing its color to the color vs. thickness chart which 
supplied by Photolastic Inc. (40). Having obtained the required 
thickness of the coating, the coated models were dried at room tempera­
ture (70°F) for approximately 4 hours and post cured in an oven at 
90°F for 24 hours. The models were then taken from the oven allowed to 
stabilize at the testing temperature (70°F). The loads were then 
applied to the models in a manner similar to those in the photo-
elastic testings. 
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2. Brittle coating crack patterns 
Upon application of a certain load to the models, some cracks 
developed in the coatings. Cracks developed first in regions of high 
tensile principal stress and later in regions of lower stress upon in­
crease of the loads. In some regions of the models in which stresses 
were very low, cracks could not be easily obtained. The crack patterns 
in these regions were obtained by applying cold water to the coating to 
induce a state of hydrostatic tension which increases the sensitivity of 
the coating (8, 13, 26). The brittle coating crack patterns of the 
single and double lap joints are shown in Fig. 45 and Fig. 46 
respectively. 
3. Principal stress trajectories 
The principal stress trajectories are also known as isostatics. 
The brittle coating crack pattern, which was presented in Fig. 46, 
represents one family of isostatics in a double lap joint model. The 
other family is perpendicular to the first one. Complete families 
of isostatics obtained by drawing a second family of lines appropriately 
spaced and perpendicular to those of the first family, are shown in 
Fig. 47. Complete families of isostatics could also be obtained by 
using specialized brittle coating double crack patterns techniques 
(13, 26) on the lap joint models. 
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Figure 45. Brittle-coating crack pattern of single lap joint 
Figure 46. Brittle-coating crack pattern of double lap joint 
Figure 47. Stress trajectories in a double lap Joint 
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C. Comparison of the Photoelasticity and 
the Finite Element Results 
For the purpose of comparing and verifying the accuracy of the 
finite element results, previously snown in IV, the fringe orders along 
the centerline of the joint were converted to maximum shear stresses by 
applying the following relationship (8, 17): 
Nf 
V2 ° TT ° 
T = ' 
max 2h 
N = fringe order 
h = thickness of the model 
= material stress opric coefficient (in psi-in/fringe) 
The material fringe constants (or material stress optic coefficients) 
were previously calibrated as tabulated in Table o. The stress optic 
coefficient used for the double lap joint models is equal to 144 psi-in/ 
fringe. The maximum shear stresses obtained from the above 
relationship were plotted and compared to the finite element results. 
1. Single lap joint 
a. Maximum shear stresses (T ) The results obtained from the 
max 
finite element and the photoelasticity methods for overlap length equal 
to 1.125 t and E/E^ ratio equal to 1 and 14 were plotted as shown in 
Fig. 48 and for overlap length equal to 1.5 t and E/Eg ratio equal to 1 
• H = by finite element analysis 
© = by photoelasticity method, model thickness = 0.255 in. 
P = applled load = 15 lb. 
E/E 
60 -
E/E 
50-
C 
k-
30-
1_ 
20 -u 
m 0) 
s: 
«/> 
J 
0.5 0.4 -0.5 -0.4 -0.3 -0,2 0 . 1  0.3 0 . 1  0.2 0 . 0  
Distance along center of joint (in terms of i ) 
= overlap length = 1.125t, t = 1.5 in. ° 
Figure 48. Comparison of photoelastlcity and finite element results 
85 
were plotted as shown in Fig. 49. The results plotted in Fig. 48 and 
Fig. 49 were the maximum shear stresses along the centerline of the joint 
caused by the application of the tensile load along the centerline of 
the joint. The maximum shear stress distributions in the joint resulting 
from the application of an inclined tensile load through the center of 
the joint were also determined. The results from the integrally 
machined single lap joint models having overlap lengths equal to 1.5 t 
and 1.125 t were plotted as shown in Fig. 50 and 51 respectively. 
2. Double lap joint 
a. Maximum shear stresses (t ) The results obtained from the 
max 
finite element and the photoelasticity methods for overlap lengths equal 
to 2t and t and E/E ratio equal to 1 were plotted as shown in Fig. 
a 
52 and Fig. 53 respectively. 
b. Principal stress directions The principal stress directions 
along the centerline of a double lap joint obtained by finite element, 
brittle coating and photoelasticity methods were plotted as shown in 
Fig. 54. 
3. Discussion of the results 
Maximum shear stresses obtained by both finite element and photo­
elasticity methods were plotted as mentioned above. The finite element 
method yields symmetrical maximum shear stress distributions along the 
centerlines of the joints of all the single lap joint models investi­
gated herein. The peak values of the maximum shear stress are located 
—43— = by finite element analysis 
O = by photoelasticity method, E/E^  = I 
P = applied load = 15 lb., thickness of model = 0.25 In. 
1 r 
0,3 -0.2 -0.1 0.0 O.I 0.2 0.3 
Distance along center of joint (in terms of I ) 
= overlap length = l.SOt, t = 1.5 i"» ° 
0.4 0.5 
Figure 49. Comparison of photoelasticity and finite element results 
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Figure 50. Maximum shear stress distribution (model No. 6), = 1.5 t 
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Figure 51. Maximum shear stress distribution (model No, 5), = 1.125 t 
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Figure 52. Maximum shear stress distribution (Model No. 7) 
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Figure 54. Principal stress directions in a double lap joint 
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close to both ends and level off rapidly to zero at both ends of the 
joints (see Figs. 48, 49 and 50). 
Fig. 48 shows maximum shear stress distributions for two single lap 
joint models having equal overlap lengths of 1.125 t but ratios E/E^ 
of 1 and 14. The curves show a reduction in maximum shear stress as the 
ratio E/E^ varies from 1 to 14. The significant reduction in maximum 
shear stress occurs in regions close to both ends of the joint. The 
peaks of the maximum shear stresses obtained by the finite element method 
are located at 0.067 & and 0.083 & from both ends of the joints having 
o o 
ratios E/E^ of 1 and 14 respectively. The peaks of the maximum shear 
stresses are reduced by 29 per cent as the ratio E/E^ varies from 1 to 
14. The maximum shear stress distribution for ratio E/E of 14 is close 
a 
to uniform. 
Fig. 49 shows the maximum shear stress distribution for a single 
lap joint having an overlap length of 1.5 t. The peaks of the maximum 
shear stresses obtained by the finite element method are located at 
0.02 from both ends of the joint. It is obvious that the peaks of the 
maximum shear stress tend to move toward both ends when the overlap 
length increases from 1.125 t (see Fig. 48) to 1.5 t (see Fig. 49). 
Increasing the overlap length from 1.125 t to 1.5 t results in an increase 
in the peaks of the maximum shear stress close to both ends and a 
decrease in maximum shear stress at the center of the joint by approximate­
ly 4 and 19 per cent respectively. This indicates that increasing the 
overlap length from 1.125 t to 1.5 t does not improve the efficiency of 
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the joint. 
Fig. 50 shows the effect on the maximum shear stress distribution 
for a single lap joint having an overlap length of 1.5 t when the 
load is applied as a distributed boundary stress (nonuniform stress in 
the adherends). The results indicate reasonable agreement between the 
finite element and the photoelasticity methods. The highest discrepancy 
between the two methods is approximately 9 per cent; this is observed 
at the center of the joint. A reduction in maximum shear stress is 
observed in Fig. 50 when compared to the curve in Fig. 49. 
The results plotted in Fig. 51 for an overlap length of 1.125 t 
show reasonable agreement between the two methods employed in the in­
vestigation; the highest discrepancy observed at the center of the 
joint is approximately 12.5 per cent. The peaks of the maximum shear 
stresses obtained by the finite element method (as shown in Fig. 51), 
are observed to be lower than those in Fig. 48 foi E/2^ ratio equal to 1. 
However, the peaks of the maximum shear stresses obtained by photo-
elasticity (Fig. 51) are slightly higher than those shown in Fig. 48. 
Fig. 52 and 53 indicate nonsymmetrical shear stress distributions 
in double lap joints having overlap lengths of 2t and t respectively. 
The peaks of the maximum shear stresses are located at the lower ends 
of the joint (see Fig. 32). A significant reduction in peak shear 
stress was indicated by both methods employed when the overlap length 
increases from t to 2t. A reduction of 57 per cent in peak shear stress 
was indicated by the finite element method (see Fig. 52 and 53). A 
reduction of 66 per cent at a distance of 0.046 was indicated by the 
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photoelasticity method. 
Fig. 54 shows &ood correlation in principal stress directions 
obtained by finite element, photoelasticity and brittle coating methods. 
The principal stress directions obtained from the finite element 
analysis lie between the values obtained with photoelasticity and the 
brittle coating methods. The results obtained from the three methods 
indicate that the boundary stresses (at the centerline of the joint) are 
compressive at the upper (at -0.58 end of the joint and tensile at 
the lower (at 0.50 end of the joint. This is shown clearly in 
the brittle-coating crack pattern (Fig. 46). 
Fig. 55 shows the principal stress directions along the centerlines 
of the joints obtained by the finite element and the photoelasticity 
methods for two single lap joints having an equal overlap length of 
1.125 t. The results plotted indicate close correlation between the 
two methods. The curves are symmetrical with respect to the centerlines 
of the joints. It is also obvious from the brittle coating crack pat­
tern (Fig. 45) that the principal stress directions along the centerline 
of a single lap joint are symmetrical. The curve for E/E^ equal to 14 
indicates that the directions of the principal stresses are constant 
along the centerline except near the ends of the joint. 
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VI. SUMMARY AND CONCLUSIONS 
The application of tensile loads to single and double lap joints 
results in nonuniform shear stress distributions along the centerlines 
and along lines close to the interface. The shear stress distribution 
along the centerline of a single lap joint is symmetrical with respect 
to the center of the joint. The peak stresses are located close to both 
ends of the joint. These peak stresses can be reduced and a more uni­
form distribution of shear stress can be obtained if appropriate overlap 
length, appropriate thickness of the joint and appropriate ratio of 
Young's modulus of the adherend to that of the adhesive (E/E^) have been 
used in the design of lap joint. 
Of paramount importance in the design of a lap joint is knowledge 
of stress distribution in the joint. In the present investigation, an 
attempt was made to determine various factors which influence the stress 
distribution in the joint. Factors considered In the Investigation 
of a single lap joint were the overlap length of a joint, the thickness 
of a joint (thickness of an adhesive layer), and the ratio of modulus 
of elasticity of the adherend to that of the adhesive (E/E^ ratio). 
The finite element method was used to obtained a solution of this 
complicated stress analysis problem. Linear-elastic behavior and plane 
stress conditions were assumed throughout the finite element analysis. 
Experimental photoelastic work was conducted in order to verify the 
accuracy of the finite element results and to provide some additional 
insight into the problem. 
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Various overlap lengths of the single lap joints were used in the 
finite element analysis. The peak values of the maximum shear stresses, 
tensile principal stresses, and the ratios of stresses obtained by 
finite element, were plotted against the corresponding overlap lengths 
(as shown in Fig. 5). The maximum shear stress along the centerline for 
various overlap lengths were also plotted (as shown in Fig. 6). From the 
results plotted as mentioned above, the optimum overlap length of a 
single lap joint was chosen to be 1.125 t. 
At this optimum overlap length, an attempt was made to determine 
the effect of the thickness of a joint on the stress distribution in the 
joint. The finite element method indicate a significant increase in 
the ratio of T (max)/% (min) if the thickness of the joint is less 
xy xy 
than 0.0827 t. The results also indicate a decrease in the tensile 
principal stress [a^(max)] and a considerable increase in maximum 
shear stress if the joint thickness is less than 0.0827 t. For the 
purpose of further study, thickness of 0.0827 t was selected for a 
single lap joint. This thickness, however, can not be considered as the 
optimum thickness of a joint. 
The effect of E/E ratio on the stress distribution in the joint 
a 
were studied. The finite element method was again applied to solve the 
problem. The finite element method indicate a very slight change in the 
maximum shear stress distributions for E/E^ ratios ranging between 14 and 
28. The optimum E/E^ ratio can thus be considered to be approximately 14. 
At this E/E^ ratio of 14, the maximum shear stress distribution along the 
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centerllne of the joint is very close to uniform. The maximum shear 
stress results obtained by photoelasticity compare reasonably well with 
those of the finite element method. The finite element method shows a 
nonsymmetrical shear stress distribution on planes close to the inter­
face. The peak stresses occurred in elements located at both corners 
of the joint. A significant decrease in pea< nes of the maximum 
shear stress close to the interface and of the normal stresses per­
pendicular to the glue line were observed upon varying the E/E^ ratio 
from 1 to 28. 
An attempt was made to determine the effect of varying the over­
lap length of a double lap joint on the stress distribution in the joint. 
The double lap joints having various overlap lengths namely; t, 2t, and 
3t, were analyzed by applying the finite element technique. Linear-
elastic behavior and plane stress conditions were assumed throughout the 
analysis. The results obtained by the finite element analysis indicate 
nonsymmetrical shear stress distributions (both and in the 
joint. The peak stresses are found to be located near the end of the 
joint adjacent to the bonded member. Variation in the overlap length 
of the joint causes a significant change in the shear stress distribu­
tion and the peak value of the tensile principal stress in the joint. 
The optimum overlap length of a double lap joint can be considered 
to be approximately 2t since at this overlap length the shear stress 
distribution is close to uniform except at the region close to the end 
of the joint. Furthermore, an overlap length of 2t yields substantially 
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lower values of the maximum shear stress, the tensile principal stress 
[a^(max)], and the ratio of (max)(min). The effects of E/E^ 
ratio on stresses in a double lap joint have not been considered in 
this investigation. Good correlation in the principal stress directions 
were obtained from finite element, photoelasticity and brittle coating 
methods. The maximum shear stresses obtained using photoelasticity 
agree reasonably well with those from the finite element analysis. 
In conclusion, the results obtained in this investigation were 
optimum overlap lengths for both single and double lap joints. The 
optimum ratio of Young's modulus of elasticity of the adherends to that 
of the adhesive for a single lap joint is approximately 14 based on 
stress distribution considerations. The optimum thickness of a joint 
can not be based solely on stress considerations. 
Future studies of lap joints should include the following: 
1. The effect of E/E ratio on the stress distribution in a 
a 
double lap joint. 
2. Theoretical analyses of single and double lap joints by finite 
element methods for nonlinear adherend and adhesive materials. 
3. Reduction of the stress concentrations by bevelling of the 
adherends or other modifications of geometry for single and double lap 
joints. 
4. Analysis of the mixed modulus adhesive joint by finite 
element and photoelasticity methods. 
5. Elastic-plastic analyses of single and double lap joints. 
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6. Reduction of the stress concentrations in the joint by using 
various shapes of the adhesive at both ends of the joint. 
3 
4 
5 
6 ,  
7, 
8 ,  
9, 
10, 
11. 
12. 
13. 
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